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Abstract 

We classify finite dimensional division real associative 22-algebras, in- 
troduce composition 22-algebras, and extend the Campbell-Baker-Hausdorff 
series and Lie correspondence in the context of linear Hu-Liu Leibniz al- 
^ , ffebras. 

f~~. , The impetus to my research is the curiosity to generalize the beautiful theory 

of Lie algebras. A natural criterion of judging whether a new algebraic object 
^r , is a good generalization of a Lie algebra is whether there is a fair counterpart of 

the Lie correspondence between connected linear groups and linear Lie algebras. 

^^ , One way of introducing new algebraic objects which satisfy the criterion is to 

■^ ' add some new algebraic structures to Lie algebras. In particular, if a Leibniz 

"^3 I algebra structure is added to a nonsemisimple Lie algebra, then the resulting 

^ ' algebraic object can be used to establish the extended Lie correspondence. This 

f^ , is one of the results of this paper. Another result of this paper is the extension of 

Frobeius' theorem, which is an unexpected result appearing in my search for the 

generalization of Lie algebras. It is well known that Frobeius' theorem asserts 

/\ ' that only finite dimensional division real associative algebras are the field TZ of 

the real numbers, the field C of the complex numbers, and Hamilton's quaternion 
algebra Ti.. In the context of finite dimensional division real associative Z2- 
algebras, the list in Frobeius' theorem is extended to a new list consisting of 
eight objects, where the first three objects are the ordinary finite dimensional 
division real associative algebras (without divisors of zero), and the last five 
objects are finite dimensional real associative Z2-algebras with divisors of zero. 
Hence, it is reasonable to regard finite dimensional division real associative 2^2- 
algebras as number-like objects. 

Throughout this paper the associative algebras considered are assumed to 
have an identity. 



1 Basic Definisions 

In this section we recall some basic definitions introduced in |Hj. 

Definition 1.1 A Lie algebra {L, +, [,]) is called a Hu-Liu Leibniz algebra 
if there exists a binary operation ( , ) : L x L ^ L such that the following two 
properties hold: 

(i) ( , ) satisfies the Leibniz identity; 

{{x,y),z) ^ {x,{y,z)) + {{x,z),y) forx,y,zeC. (1) 

(ii) (, } and [, ] satisfy the following Hu-Liu identities; 

{x,[y,z]) ^ {x,{y,z)), (2) 

[{x,x),y] = {{x,x),y), (3) 

{[x, y],z) + [{y, z),x] + [y, {x, z)] = 0, (4) 

[(x, y),z] + [z, [x, y]] + [z, {y, x)] + (z, (x, y)) = (5) 
for X, y, z e L. 

A Hu-Liu Leibniz algebra L is denoted by (L, +, ( , ), [ , ]), where ( , ) and 
[, ] are called the angle bracket and the square bracket, respectively. A 
subspace / of a Hu-Liu Leibniz algebra (L, +,(,),[,]) is called a Hu-Liu 
Leibniz subalgebra of L if (/, I) Q I and [/, /] C /. 

Definition 1.2 Let A — Aq (S Ai (as vector spaces) be an algebra. 
(i) A is called a Z2-algebra if 

AoAo C Aq, AqAi + AiAo C Ai and A^Ax = 0. (6) 

(ii) A is called an associative 2^2-algebra if A is both a Z2-algebra and an 
associative alqebra. 



(iii) A is called a Banach 2^2-a-lgebra if A is both a associative Z2-algebra 
and a Banach algebra. 

Let A — A^ ® Ai be a Z2-algebra, where the subspaces ^o and Ai satisfy 
(|HJl. Aq and Ai are called the even part and odd part of A, respectively. 
An element a of ^ can be written uniquely as a = oq -I- ai, where oq S Aq 
and oi e Ai are called the even component and odd component of a, 

respectively. 

By Proposition 1.5 in [2|, if ^ = ^o © ^i is an associative Z2-algebra, then 
{A, -I-, (,),[,]) is a Hu-Liu Leibniz algebra, where the angle bracket ( , ) and 
the square bracket [ , ] are defined by 

(x, y) := xya - y^x and [x, y] := xy - yx (7) 



ioT X € A, y ^ yo + yi E A and yi S Ai with i = and 1. A Hu-Liu Leibniz 
subalgebra of {A, +,(,),[,]) is called a linear Hu-Liu Leibniz algebra in 
A. Let 

A^ := {x E A\ there exists y (£ A such that yx = 1 = xy } 

and 

Aq -.^ {xq E Aq\ there exists yo £ Aq such that yoxa = 1 = xoyo}. 

It is clear that 

A^^ = { Xq + ici I Xq G Aq" and xi £ Ai }. 

A subgroup G of A^^ is called a linear ^-group in A if 

xo Gx^ C G for xq + xi G G with xq G Aq and xi G Ai. (8) 



2 Composition ^2-Algebras 

Except the dual real numbers 72. '■^•' in PP, there are four more division real as- 
sociative Z2-algebras: C^'^\ C^'^), H^"^^ and n^-'^\ See for their definitions. 
It turns out that these five division associative Z2-algebras are all finite dimen- 
sional division real associative 2^2-algebras with nonzero odd parts, which is a 
corollary of the following extension of Frobeius' theorem. 

Proposition 2.1 The only finite dimensional division associative Z2-algebras 
over the field of real numbers are: 

(1) n, (2) c, (3) n, (4) n^^\ (5) c^^\ (6) c^-^\ (7) n^^\ and (8) n^-^l 

D 
We now introduce the notion of a composition 22-a'lgebras. 

Definition 2.1 A real Z2-algebra A ~ Aq ® Ai is ealled a composition Z2- 

algebra if A is a Banach space with a norm \\ \\ such that 

\\xy\\ < l|2;|| II2/II, 
WxoyaW = ll^^oll II2/0II, 
\\xoyi\\ = llyixoll = ||xo||||yi||, 

where x, y E A, xq, yo E Aq and yi E Ai. 



Each of the eight finite dimensional division real associative 2^2-algebras is 
a composition Z2-algebra. The next example gives two non-associative compo- 
sition 2^2 -algebras. 



Example Let O'^^^^ — ^o ® Ci be a 16-dimensional Z2-graded vector 

(2X) (2X) 

space with A = ±1, where the even part Oq and the odd part Ol are 



given by 0\ := ^HTi-Sij for i = and 1. O'^^^^ becomes non-associative 
composition 2^2-a'lgcbra under the mutiplication tables: 



eoi 



eo2 



eo3 



eo4 



eo5 



eo6 



eo7 



eo8 



eoi 



eoi 



eo2 



eo3 



eo4 



eo5 



eo6 



eo7 



eo8 



eo2 



eo2 



-eoi 



eo4 



-eo3 



eo6 



-eo5 



-eo8 



eo7 



eo3 



eo3 



-eo4 



-eoi 



eo2 



eo7 



eo8 



-eo5 



-eo6 



eo4 



eo4 



eo3 



-eo2 



-eoi 



eo8 



-eo7 



eo6 



-eo5 



eo5 



eo5 



-eo6 



-eo7 



-eo8 



-eoi 



eo2 



eo3 



eo4 



eo6 



eo6 



eo5 



eo7 



-eo2 



-eoi 



-eo4 



eo3 



eo7 



eo7 



eo8 



eo5 



-eo6 



-eo3 



eo4 



-eoi 



-eo2 



eo8 



-eo7 



eo6 



eo5 



-eo4 



-eo3 



eo2 



-eoi 



en 



ei2 



ei3 



ei4 



ei5 



ei6 



ei7 



ei8 



eoi 



en 



ei2 



ei3 



ei4 



ei5 



ei6 



ei7 



ei8 



eo2 



ei2 



-en 



ei4 



-ei3 



ei6 



-ei5 



-ei8 



ei7 



eo3 



ei3 



-ei4 



-en 



ei2 



ei7 



ei8 



-ei5 



-ei6 



eo4 



ei4 



ei3 



-ei2 



-en 



ei8 



-ei7 



ei6 



-ei5 



eo5 



ei5 



-ei6 



-ei7 



-ei8 



-en 



ei2 



ei3 



ei4 



eo6 



ei6 



ei5 



-ei8 



ei7 



-ei2 



-en 



-ei4 



ei3 



eo7 



ei7 



ei8 



ei5 



-ei6 



-ei3 



ei4 



-en 



-ei2 



eo8 



ei8 



-ei7 



ei6 



ei5 



-ei4 



-ei3 



ei2 



-en 





eoi 


eo2 


eo3 


eo4 


eo5 


eo6 


eo7 


eo8 


en 


en 


ei2 


ei3 


ei4 


Aei5 


Aei6 


Aei7 


Aei8 


ei2 


ei2 


-en 


ei4 


-ei3 


Aei6 


-Aei5 


-Aei8 


Aei7 


ei3 


ei3 


-ei4 


-en 


ei2 


Aei7 


Aei8 


-Aei5 


-Aei6 


ei4 


ei4 


ei3 


-ei2 


-en 


Aei8 


-Aei7 


Aei6 


-Aei5 


ei5 


ei5 


-ei6 


-ei7 


-ei8 


-Aen 


Aei2 


Aei3 


Aei4 


ei6 


ei6 


ei5 


-ei8 


ei7 


-Aei2 


-Aen 


-Aei4 


Aeia 


ei7 


ei7 


ei8 


ei5 


-ei6 


-Aei3 


Aei4 


-Aen 


-Aei2 


ei8 


ei8 


-en 


ei6 


ei5 


-Aei4 


-Aeia 


Aei2 


-Aen 



and 



ei^eit := for 1 < s, t < 8. 



D 



0(2^) is both a non-associative composition Z2-algebra and an alternative 
algebra. The following is my conjecture about finite dimensional composition 
-Z2-algebras. 

Conjecture A finite dimensional composition Z2-algebra is isometrically 
isomorphic to one of the following ten Z2-algebras: 

n, c, n, 7e(2), c(2), c'^), 7^(2), u^~^\ o^^) ^nd o(-2). 



3 The Extended Lie Correspondence 

In this section we assume that all algebras are finite dimensional algebras over 
the field of real numbers. 

Let G be a linear f-group in a Banach Z2-graded algebra A. The tangent 
space Ti (G) to G at the identity 1 of yl is defined by 

Ti(G) := { a'(0) | a{t) : TZ ^ G is a differential curve with a(0) = 1 }. 

By Proposition 3.1 in |B], T'i(G) is a Hu-Liu Leibniz algebra over the field of 
real numbers, which is also called the Hu-Liu Leibniz algebra of G. 

The next proposition gives an extension of the Campbell-Baker-Hausdorff 
series. 

Proposition 3.1 Let x, y, u, w be elements of a finite dimensional Banach 
Z2-algehra A. If x, y, u, w are sufficiently close to 0, then the equation 

{expu)Q{expx){expu)Q ■ {expw)Q{expy){expw)Q — exp z 

has a unique solution z — C{x, y, u, w) in A such that z — C'{x, y, 0, 0) is the 
Campbell-Baker-Hausdorff series. 

D 
The first a few terms of the series z = C{x, y, u, w) are as follows 

C{x, y, u, w) ^ X + y + -[x,y] - {x, u) - {y,w) + —[x,[x,y]] -i- 

+ j^[yAy,x]] + ^^{x,u),u) + -{{y,w),w} - -[x,{y,w)] - -[{x,u),y] + 

+j^[x,[x,y]]-^ —[y,[y,x]] - -{{{x,u),u),u) - -{{{y,w},w),w) + 

+ ^[x,{{y,w),w)] + -[(a;,u),(y,w)] + -[{{x , u) , u) , y] - —[x,[x,{y,w)]] + 

-J^[{x,u),[x,y]] - —[y,[y,{x,u)]] - —[{y,w),[y,x]]-^ 

+^[yAx,[y,x]]] + ■■■ 

We now state the extended Lie correspondence. 



Proposition 3.2 Let A he a finite dimensional Banach Z2-algebra, and let 
:^ {G \G is a connected linear ^-group in A} 

and 

C := { L \ L is a linear Hu-Liu Leibniz algebra in A }. 

If f : Q -^ C is the map defined by 

f{G) := the tangent space Ti(G) to G at the identity 1 of A for G E Q, 
then f is bijective, and the inverse map f^^ : C ^ Q is given by 

f~ (L) :— the linear ^-group generated by expL for L E C. 

D 

The extended Lie correspondence '^-groups ^^ Hu-Liu Leibniz algebras' 
works not only on the level of sets, but also on the level of maps. In fact, 
both Theorem 2.21 and Theorem 3.7 in ^ have extensions in the context of 
^-groups and Hu-Liu Leibniz algebras. 
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